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CN ' Abstract 

Generalized Uncertainty Principle (GUP) has brought the idea of existence of minimum measurable length 



in Quantum physics. Depending on this GUP, non-relativistic Hamiltonian at the Planck scale is modified. 
In this article, we construct the kernel for this GUP corrected Hamiltonian for free particle by applying the 
Hamiltonian path integral approach and check the validity conditions for this kernel thoroughly. Interest- 
ingly, the probabilistic interpretation of this kernel induces a momentum upper bound in the theory which is 
pH , comparable with GUP induced maximum momentum uncertainty. 

> 

1 Introduction: 

G\ 
CO 

, There are many indications that in quantum gravity there might exist a minimal observable distance of the 

o 

£N) ■ order of the Planck length, l p i s» 10 33 cm. Generalized Uncertainty Principle (GUP) pQ naturally encodes 



the idea of existence of a minimum measurable length through modifications in the Poisson brackets of 
position x and momentum p. The Heisenberg Uncertainty Principle (HUP) says that uncertainty in position 
decreases with increasing energy (Ax ~ But HUP breaks down for energies close to Planck scale, at 

which point the Schwarzschild radius becomes comparable to Compton wavelength. Higher energies result 
in a further increase of the Schwarzschild radius, inducing the following relation: Ax sa l pl ^-- Consistent 
with the above, the following form of GUP has been proposed, postulated to hold in all scales [5] 

Ax t A Pl > ~ [l + (3(Ap 2 + (p) 2 ) + 2p(Ap 2 + < Pl > 2 )] i = 1,2,3 (1) 

where [0] = (momentum)" 2 and we will assume that j3 — /3q/(M p ic) 2 = l 2 l /2h 2 , M p i = Planck mass, and 
Mpic 2 = Planck energy ps 10 19 GeV. It is evident that the parameter (3q is dimensionless and normally 
assumed to be /3q « 1. In one dimension the above inequality takes the form: 

AxAp > £ [1 + 3f3(Ap 2 + (p) 2 )} (2) 
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from which we have 

Since Ap is real quantity, we have 

which gives the minimum bound for Aa; as: 

Ax mm = hijzp. (5) 

Here one should notice that the condition (p) = gives this minimum bound ([5]), which is also consistent 
with the above inequality <j3j> and GUP relation ([2]) . Now using relation ([5]) along with the condition (p) = 
we get the maximum bound of Ap as 

Ap max = (6) 
It can be shown [3] that the inequality ([T]) follows from the modified Heisenberg algebra 

[xi,pj] = ih(6ij + /36 i3 p 2 + 2/3piPj) . (7) 

To satisfy the Jacobi identity, the above bracket (J7J) gives [x i: Xj] — [pi,Pj] — , to first order in 0(/3) [4]. 
Now defining 

Xi = x 0l , pi = p 0i (l + (3pl) (8) 

where Pq — Y2j=i PojPoj an d %0i> Poj satisfying the canonical commutation relations [xoijPcy] = ih&iji it 
is easy to show that the above commutation relation Q is satisfied, to first order of j3. Henceforth, we 
neglect terms of order j3 2 and higher. The effects of this GUP ((T|) in lamb shift and Landau levels have been 
studied in J5J. Also, formulation of coherent states for this GUP has been described in [6]. In this work, we 
successfully derive the kernel for this GUP model by Hamiltonian path integral formulation j7| and show 
that this GUP corrected kernel induces a maximum momentum bound in the theory. 
Using |8]), we start with the corresponding Hamiltonian of the form 

H=^ + V(f) (9) 

can be written as 

H = H a + H 1 +0{!3 2 ), (10) 

where 

*o = & + VP) , H 1 = lpt. (11) 
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Thus, we see that any system with an well defined quantum (or even classical) Hamiltonian Hq, is perturbed 
by H\, near the Planck scale. In other words, Quantum Gravity effects are in some sense universal. Now 
the modified Schrodinger equation corresponding to the above Hamiltonian (|10[) is given by 



H 2 d 2 (3H 4 <9 4 d 



(12) 



In this paper we will see that path integral method [8] is applicable to this higher energy cases and we will 
evaluate the free particle kernel for GUP corrected Hamiltonian (fT0|) . For this purpose, we shall briefly recall 
the notion of basic properties of kernel in Hamiltonian path integral formalism. The kernel in Hamiltonian 
path integral is given by [7] 



K(x",x') 



,i f(f.i-H)dt 



dpi dp 2 dp 



N 



dxidx2--dxN-i- 



2nh 2nh 2ttH 

It has been shown in [7] that the above kernel (fT3)) can be written in the form 

fi 2 V 2 



iAt 



2m 



x 8(x" - x') + V(x)5(x" - x') 



K(x",x',At) =6(x" -x") 
from which one can easily obtain Schrodinger equation using the relation 

Tp(x",t") = [ K(x",t";x',t')ip(x',t') dx'. 



(13) 



(14) 



(15) 

Now taking the complex conjugate of the above equation, we have 

ip*(x",t") = J K*(x", t"; x' , t')ip*(x', t') dx' . (16) 

Since 

using the relations ([T5| [T6|) we have 

K*{x",t";x'i,t')K{x",t";x',t')ilj*(x'i,t')ip(x',t') dx" dx\dx' = [ ip*{x', t')ip(x',t')dx', (17) 



which immediately implies the following relation 

K*(x ,t ;xi,t )K(x ,t ;x ,t )ip*(xi,t ) dx dx x = ip*(x ,t). 



Also, if tp(x, t) is the solution of the Schrodinger equation 

- ^ VV(*, t) + V(x)ip(x, t) = l h^t^, 
then the kernel also satisfy Schrodinger equation at the end point x = x", i.e 

fc2 f)2 fi 

- -^K(x\ t"; x', f) + V(x")K(x", t"; x' , H) = ih^-K{x", t"; x', f). 

2m dx" 2 dt" K ' 

Equation (jT5|) . (|18[) and (f2"U| are the basic properties of the kernel K(x,t). 



(18) 



(19) 



(20) 



2 Kernel for GUP corrected Hamiltonian: 



Path integral method [8] is applicable in all cases where the change of action, corresponding to the variation 
of path, is large enough compared to H. As the above Hamiltonian (fTU|) is associated with higher energy, 
so a small variation on paths other than the path of least action make enormous change in phase for which 
cosine or sine will oscillate exceedingly rapidly between plus and minus value and cancel out their total 
contribution. So only the least action path will contribute in kernel. This is similar to the idea of path 
integral in quantum mechanics. We now therefore consider the Hamiltonian (jlOl) in one dimension 



H 



2m m 



(21) 



If we consider that the particle goes from x' to x" during the short time interval At, then the kernel is of 
the form 

i_ rt'+At/ 



K(x",t' + At ; x',t') = 



po-x- 



' lP *-V(x)Jdt dp _ f i(po-(x"-x') 



2-Kh 



A po . (x »_ :c0 -i ^+^+A*V(*) dp^ 

2^ 



(22) 



where V(x) is the average of V(x) over the straight line connecting x" and x' . Expanding the second 
exponential function in ^ and neglecting the second and higher order terms of At, we have 



K(x",t' + At ; x',t') = 



. (x" —x') 



iAt ( pi B 



2m m 



dpp 
2-Kh 



= 5(x" - x') 



iAt 



h 2 d 2 Bh 4 d 4 

It %S{x" - x') + BILJL_S(x" - x') + V{x)5(x" - x') 



(23) 



2mdx" z v ' ' m dx" q 

It is interesting to note that the kernel ([2]) boils down to the same form as in [7] in the limit B — > 0. But 
it is very difficult to deal with above form of kernel @ as it contains derivative of delta function. Therefore 
we are going to derive the delta-independent equivalent form of kernel. For this we consider the kernel for 
free particle, 



K(x",t' + At ; x',t') 



j_ rt'+At 



po-x- 



PQ P „4 



Po) d * dpp 
2^fi 



(24) 



for short time interval At. Now expanding the exponential series of the last term in (|24p and neglecting the 
terms containing higher order of /3 we have, 

i B At Pq \ dp 



K(x" ,t' + At ; x',t') -- 

After some calculation we get the kernel as 

K(x",t' + At ■ x',t') = ,/-4r ] 
v ' ' ' ; V 2nihAt 



1 - 



hm 



SBihm 6Bm 2 (x" - x') 2 iBm 3 (x" ~ x') 4 



At 



At 2 



hAt 6 



^ < 25 > 



e m{ lLf )2 , (26) 
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For a finite interval, we divide the time interval into N subintervals of equal length At and then we calculate 
the kernel as: 

K(x",t";x',t') = {^2^KEi) N S d Xl dx 2 ...dx N -i e ^nr t [{xi~x ) 2 +(x2-x 1 ) 2 +...+{xN~x N _ 1 ) 2 } 

r-i | 3/3ihm 6/3m 2 (xi — xq) 2 i(3m 3 (x\ — xq) a i r 1 . 3fiihm 6fim 2 (x2—xi) 2 i/3m 3 (x2-a;i) 4 1 ( <r )7\ 

X { L +Ai aP WKP H i + ~At aP hKP I [ ' 

r-i , 3/3ihm 6/3m 2 (x N — x N -±) 2 i/3m 3 (x N — x N - 1) 4 -| 

■■■\ 4 At At 1 HAF J' 

After a bit of lengthy algebra (see appendix: 1), the hnal form of the kernel becomes 

3Pihm 6(3m 2 (x" - x' f i/3m 3 (x" - x') 4 



K(x" t -x t') = / e 2R(t"-f) 



(28) 



(t"-t') {t"-t') 2 h{t"-t') 3 

where t" —t' = NAt. This kernel (|2"51) is exactly of the same form as the kernel for the infinitesimal interval 
(|26|) . It can be shown that the above kernel (|28[) satisfies the modified schrodinger equation 



H 2 d 2 Bh 4 d 4 d 

~ 2^a?^ + l^W*^ = (29) 

at the point x — x" , t — t" (see appendix: 2). Now the solution of this Schrodinger equation (j2U|) is given 
by 



iEt 



i>(x,t)=[Ae lk ( 1 ~ 0h k ^~^+Be- tk( - 1 -P hk '> x - 1 % l +CeV^ * + De » . (30) 



With this solution (f30|) in hand, we can show that the kernels ((2]) and (|26[) indeed propagates the wave 
function ip(x,t) from a point (x',t') to the point (x",t"), for a chosen time interval At = t" — t' , such that 
4 ^ m = .D=a dimensionless quantity = o{B). Thus the following relation holds: 

i>{x", t") = J K{x", t"; x', t')ip(x', t')dx', (31) 

where we use the fact that 



Now for finite interval, we divide the time interval (t" — t') into N parts of equal length At in such a manner 
that 4 ^ m = D = o(/3). Then applying equation (|3"Tj) for each interval, we have 

J K(x", t"; x' , t')ij)(x' , t')dx 
K(x" ,t";x N ^ 1 ,t N _ 1 )K(x N ^i,t N _ 1 ;x N ^ 2 ,t N -2)---K(xi,t 1 ;x' ,t')ip(x' ^^dx'dxi.-.dxN^x 

K( X '\t''] XN ^i 1 t N ^i)K(x N ^ 1 ,t N _ 1 ;x N -2,t N -2)---K(x2 1 t 2 ;xi,ti)ip(xi 1 ti)dxidx2...dxN~i 

= =^{x",t") (33) 
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Therefore for a finite interval (t" — t'), we have 

i>{x", t") = J K(x",t"; x', t')ip(x',t')dx'. (34) 
The alternative way to check the above relation is the condition 

K*{x" X^x'^Kix" ,t";x' ^'^{x'^t') dx"dx[ = il>*(x',t'). (35) 



which is proved in appendix: 3. Therefore the free particle kernel satisfies the basic properties of kernel, 
which we have stated in earlier section. 

For usual free particle case, the probability that a particle arrives at the point x" is proportional to the 
absolute square of the kernel K(x", x' , t" — t'), i.e. for usual free-particle kernel the probability is given by 

77} 

P(x")dx = ^r^dx. (36) 
Now, for the GUP corrected kernel (j2"5)l . the corresponding probability is given by 

P{x")dx = K*(x",x' ,t" - t')K(x" \x> \t" - t')dx = (l- 12(3m y ~ X '^ ) —P- -dx. (37) 



- t') 2 J 2irh{t" - V) 
It is clearly observable that the term 

(l - 12 ^»_y )2 ) in (E7J) is smaller than 1 as /3 > O.Then we conclude 
that the probability value in this case is less than the corresponding value in the free particle case. Also, 
since probability is non-negative, this term ^1 — 12 ^™,/_f t< ^ a: ^ ^ should also be non-negative. Thus we have 
the following relation: 



I2 pm 2 {x" - x' f 

W - *') 

which immediately implies the bound for momentum as 



1- "L" >0, (38) 



P < Pmax = ^l (39) 

where p = ^f-. Thus, from (|39j) we see that GUP induces a momentum upper bound in the theory which is 
comparable to maximum momentum uncertainty induced by GUP. 

If we consider higher order terms of /3, i.e. terms up to o(/3 2 ), the Hamiltonian (|9|) becomes 

pi Rpi B' 2 pl , s 

# = + — + (40) 
2m hi 2m 

and the corresponding path integral becomes 

K(x",t' + At ; x',t') = [e^*-£-^-^^. (41) 
J 2irn 

Proceeding in the same way as before we get the final form of kernel as 

„. tt t \ , /s / m r/ 6/3m 2 (x" -x'f 105f3 2 h 2 m 2 
K(x",t' + At ; x',t') 1 1 



2irihAt \ At 2 2Al 2 
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105 /3 2 h 2 m 4 {x" - x'f f3 2 m e (x" -x'f 15f3 2 h 2 m 2 15(3 2 m 4 (x" - x') 4 



At 4 2h 2 At 6 2At 2 2At 4 



/3f3hm f3m 3 {x" -x'f 210(3 2 hm 3 (x" - x') 2 Up 2 m 5 (x" - x'f 
% \~~At hA? At? + HAT 5 



Ab(3 2 hm 3 {x" -x') 2 f3 2 m 5 (x" - x'f 



q(a;"-s') 



e 2"t (42) 



2At 3 2hAt 5 

Now, as we know that the final form of kernel is same for infinitesimal and finite interval, so we can deal 
with the above form of kernel for infinitesimal interval as well. In this case, the probability of finding the 
particle at the region dx enclosing the point x" is 

, .^r „ ,n ,,,, m ( \2$m 2 {x" - x'f 8ip 2 h 2 m 2 225f3 2 m 4 (x" - x') 4 \ 
K (x ,t ;x,t)K(x ,t , x , t )dx = ^ KKt [l — 2 + — 4 j dx 

1 - + ^J?™ 2 ) dx, (43) 



2-KhAt \ ^ At 2 
where we have neglected the terms of higher order than /3 2 . Since probability is always non- negative, we 
have the following relation 

1 - 12/3p 2 + 225/3V - 81 ^ 2 m2 > (44) 

from which we obtain the bound 

_ 1 ( 1 {9(3hm^ 



2y/3fl \ 2\ At 

e -3(^-) . (45) 



2v^ 

From ([2]) we clearly see that the maximum momentum bound for o(/3 2 ) case is less than that obtained in 
the previous o(/3) case, though by a very small amount with the correction terms being of the order of or 
higher than o(/3 2 ) . 



3 Conclusions and future prospects: 

We know that GUP gives rise additional terms in quantum mechanical Hamiltonian like /3p 4 , where f3 ~ 
pj~p is the GUP parameter. This term plays important role at Planck energy level. Considering this term 
as a perturbation, we have shown that path integral is applicable on this GUP corrected non-relativistic 
cases. Here we have constructed the two form of kernel by applying Hamiltonian path integral method. The 
consistency properties of this kernel is then thoroughly verified. We have shown that the probability for 
finding a particle at a given point in case of the GUP model is less than the corresponding probability in 
the usual free particle case. We have also shown that probabilistic interpretation of this kernel induces a 
momentum upper bound in the theory. And this upper bounds changes slightly with e~°^ \ if we consider 
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higher order term of j3 in the Hamiltonian ©. Now following the Hamiltonian path integral approach one 
can construct kernels and study their properties for other systems like particle in a step potential, Hydrogen 
atom etc, which is our future goal. 
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5 Appendix: 1 



Neglecting the term containing higher order of /3 equation (|27|) , becomes 

g 2hkt [(xi-X ) 2 +(x 2 -X 1 ) 2 + ... + (x N -X N ^ 1 ) 2 ] 



K(x",t";x',t') = 



2nihAt 



1 



3/3ihm 6/3m' 



{(Xi - X ) 2 + 



(X 2 - Xi) 2 + ... + (x N - X N -i) 2 } - ^^3"{( :El ~ X °) A + (^2 - x l) A + ■■■ + ( X N - XN-l) 4 } 



dxidx2~-dxN-i . 

(46) 



With the substitution Xi — \j 2 ^* 2/i the above equation becomes 
K{x",t";x',t') -- 



m i I 

2iriHAt V «7r 



2 2 4if3hm 

(2/2 - yx) + ■■■ + (vn - vn-i) } 



i(Vl-yo) 2 +i(V2-yi) 2 + ---+i(VN-VN-l) 2 



SBihm YlRhm . , , 

-{(yi - vo)- 



At 



-N 



At 



{(yi - yo) 4 + (y2 - y\) A + ■■■ + {vn - vn-i) 4 } 



dy 1 dy 2 -..dy N - 1 . 

(47) 



Now 



^y.-y ) 2 +-+i( V N-y N -i? {{yi _ yo) 2 + ... + {m _ y N _ 1 f}dy 1 dy 2 ...dy N - 1 
i(N-l) (y N - y ) 2 \ (iir)^~ ^n-vo) 2 



2 N 
which is done by adding N separate integral of the form 



N 



-e » 



Again 



Ay 1 -y ) 2 + ...+ l (y N -y N - 1 ) 2 {yi _ y^f dyi dy 2 ...dy N . 



e i(yi-yo) 2 +-+Hy N -yN-if {(^ _ y ^ + ... + {yN _ y N _ 1 )*}dy 1 dy 2 ...dy N - 1 



(48) 



(49) 



3 A 2 2 2 



4 i ( 2 2 + 3 2 



N - 1 



1 1 



N 2 ) + ( 1.2 2 + 2.3 2 + 



1 n ~A 1 1, 2(N-1) 

(N-l).N 2 > 2 3 N N 



3^-l), uu ... (VN-yo) 2 , (y N -yo)\ ; 

-{1 + 1 + ■■• + L )Ntimes — 1 ~ JV 



N 



N- 



N 4 



(iir) 2 i(y N ~y ) 2 

■e N 



N 
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+ 3i(N - 1) — 2 + 



47V 



JV :i 



(in) 2 i(y N -yg) 2 

-e N 



N 



Therefore 



(50) 



K(x",t";x',t') 



m /In "-i (in) - T 
( — ) 2 - — 



, ZiPhm,^ „ Ar „ (N-l 2 . 

1 H - A (N - 2N + 2 + -i i- 

At v N ' 



12/3hm _ N + (j/jy - y ) 2 4z/3ftm (y w - y ) 4 



2i:ihNAt 



At x " " ' ' N 2 At N 3 

3i/3hm \2Bhm (y N - y ) 2 AiBhm (y N - y ) 4 



NAt 



At 



N 2 



At 



N 3 



e N 



(51) 



Replacing j/j by Xi, and kipping in mind TV At = t" — <;', the above equation becomes 



6 Appendix:2 

Now differentiating K(x" , t' + At; x', t') in (HHJ) partially w.r.t. t" where At = t" - t' we have 



d , „ „ , ,s »(■"-■')' / m / 1 9iBhm imx 2 33Bm 2 x 2 lZiBm 3 x 4 Bm^x 6 
jK(x",t";x',t') = e — ^ — ' ' 



dt" K ' ' ' ' \2mhAt\ 2At 2At 2 2hAt 2 2At 3 2hAt 4 2h 2 At 5 ) 

(52) 

Similarly differentiating K(x" , t' + At; x' , t') partially w.r.t. x" two and four times we have 

d 2 . „ „ , im(x"-x') 2 / m / im lhBm 2 AhBim 3 x 2 15Bm 4 x 4 m 2 x 2 iBm 5 x 6 \ 

^xF 2 '* ;2; ' <) = e i2^hAt\hAt~~At 2 hA^ + h 2 At 4 ~¥A? + 1?AF) 

(53) 



dx 
and 



d 4 . „ „ , » m (x"-x') 2 / m / 6im 3 x 2 m 4 x 4 im 2 \ ,„ 

jK(x", t"; x' t') = e — ^ — / -| (54) 

cb" 4 V ; \l2TrihAt\ h 3 At 3 h 4 At 4 h 2 At 2 ) v ; 

Now multiply ([53)) by and (jS~4")) by Sh- an d after adding this two we see that this is iH times of (|52"|) . 
which generates the equation 

in^jK{x", t";x\ = ^^K(x", t"; x\ f ) + t"; (55) 

where At = i" — Which is modified schrodinger equation for free particle. 



7 Appendix: 3 



Taking the complex conjugate of the equation (|28l) . we have 

3/3zSm 6/3m 2 (x"-x') 2 5S/3to 3 (x" - x') 4 ' 



K*(x",t";x',t') = 



Therefore 



2mh(t" - V) 



-i„i(x"-x') 2 
g %K{t" — t') 



1 



(*"-*') {t"-t') 2 1 h(t"-t') 3 



(56) 



if * (a" , t" ; x[ ,t')K(x", t" ;x',t') dx" 
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1 - 



6/3m 2 {x' -x[) 2 6i/3m 3 {x' - x[) A \ , , (Yli$mK{x' - x[) 4f3m 2 (x' ~ x' 1 ) 3 \ , , , 



(t" - t' f h(t" - t') 3 

/ „„ 9 6iBhm(x' — x\ ) 2 
+ ( 12 ^~ (*>-«) 

where we have used the relation 



tf'V - x[) + 4ph 2 (x' - at x )6'"tf - a^) 



fi(t" - i') 2 

-"(■'-»1> 2 

p 2ft(t"-t') 



d(x' - x[) n 

Now multiplying both side of (J7J by ■0*(a;' 1 ,t') and integrating w.r.to x' x we have 



S'ix'-x'J 
(57) 

(58) 



1 - 



K*(x",t"; x[,t')K(x", t"; x', t')ij)* {x'^t 1 ) dx"dx[ 

S(x — x 1 )ip*(x 1 ,t) 



6pm 2 [x 1 - x' x ) 2 6i(3m 3 (x' - x[) 4 



(t" -t') 2 h(t" -t') 3 

12i/3mh(x' - x[) Aj3m 2 (x' - x[) 3 



(t" - t>) 



+ 



n(t" - 1 1 ) 2 



S'(x' -x[)ip*(x[,t') 



\28h 2 - W h ™W 5 »( x > _ x'^^t') + m ^ x > _ xW'ix' - x'^ix'^t') 



(t» - 1>) 



Using the relation 



we get from above 



f{x)6 n (x)dx 



dx 



5 n - L (x)dx 



K*(x" ,t";x[,t')K(x" ,t";x' ,t')ip*(x[,t') dx"dx[ = i>*(x' ,t') . 



e 2Mt"-f) dx[. 

(59) 

(60) 
(61) 
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